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Abstract
Plasmonic nanoparticles organized in arrays interact to create spectral patterns which are ampli-
fied by individual particle polarizability. It was hypothesized that particle polarizability could be
used as a predictor of spectral behavior from far-field interactions within the array. Inter-particle
coupling produced an extraordinary peak in extinction efficiency at wavelengths equal to or larger
than the single particle plasmon resonance peak. Interactions that produced constructive coupling
were found to mimic changes in the particle polarizability model. Testing of the hypothesis was
performed using the coupled dipole approximation with parametric characterization of array ge-
ometries, giving specific particle size and lattice constant combinations which constructively cou-
ple diffracted light to individual particle polarizability. An extension to the dipole polarizability
in the coupled dipole approximation that included effects from quadrupoles is given here which
gave results in support of the hypothesis. Optimization of ordered nanoparticle array configura-
tion through identification of specific polarizability values that yielded constructive coupling has
application in enhancement of photovoltaics, sensors, detectors, and other opto-electronic devices.
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Chapter 1: Introduction
Light is incredible. As is the normative nomenclature describing it. For example, it is a
well-established fact that the sky is blue as if the color is a physical property. However, what this
really means is that the particles in the air are of a particular size that they scatter light in the blue
frequency better than the others. This means that the blue light remains in the atmosphere longer
and scatters a larger quantity of it to human eyes giving it the appearance of blue.
Gustav Mie solved the problem of light scattering from spherical particles in the early
twentieth century. His solution is still being used today, especially in the field of plasmonics. This
thesis considers plasmonic scatterers that are arranged in periodic arrays. In particular, interactions
between particles ordered in square arrays are described using the coupled dipole approximation
(CDA). Each particle in this formalism is treated as a point dipole with polarizability, α. Single
particle polarizability of each scattering element in the array is described using Mie Theory.
The CDA shows that particular periodic arrangements produce an extraordinary peak in the
extinction efficiency of the array. Lattice constants larger than the single particle localized surface
plasmon resonance (LSPR) wavelength scatter light that is coupled to the plasmon resonance of
each particle. This coupling producing an enhancement of the local electric field around the particle
resulting in an extinction peak that can be several orders of magnitude larger than the single particle
limit. This thesis predicts particular particle radii and lattice constants that allow such coupling
to occur. Furthermore, changes in particle polarizability will be shown to have a dramatic, but
predictable effect on the coupled peak.
In regards to nomenclature, the following words are used throughout this thesis:
• Plasmon. The term plasmon refers to a quasi particle representing the collective oscillation
of electrons in reference to stationary ions. When this term is listed alone it generally refers
to electrons inside a bulk material.
• Surface Plasmon. A plasmon confined to the a surface, generally used with thin films or
micromaterials.
1
• Localized Surface Plasmon (LSP). A surface plasmon that is confined to a small space,
namely, to that of a nanoparticle.
• Localized Surface Plasmon Resonance (LSPR). The resonant frequency of the LSP.
• Surface Plasmon-Polariton (SPP). A surface plasmon that is coupled to a photon producing
a propagating wave.
• Coupled Dipole Peak. Ordered arrays of nanoparticles can couple together and produce an
extraordinary extinction peak located at wavelengths near the particle separation.
• Polarizability (α). Computational models used in this thesis replaces each particle with a
point dipole. Plots involving polarizability always use the imaginary component, which is
responsible for electron momentum and attenuation of the incident light.
1.1 Motivation and Justification
Electromagnetic radiation scattered in nanosctuctures has application in a variety of sys-
tems. Such applications include light trapping in solar cells, diagnostics, and sensing. It was
hypothesized that particle polarizability is a predictor of coupling behavior in nanoparticle sys-
tems. Research in the art tends to focus on particle dielectric function and separation as a predictor
of interaction energy. Polarizability gives a more simple and intuitive approach to understanding
the fundamental nanoscale interactions. An extension to the dipole particle polarizability model to
include higher order terms was created for this thesis to increase the range of particle sizes able to
be accurately modeled using the dipole polarizability.
1.2 Thesis Structure
It is the goal of this thesis to present the exploration of effects of particle polarizability on
the coupled dipole peak. The first few chapters in this thesis contain background information on
plasmons and how plasmonic nanoparticles interact while in proximity to each other. Chapter 2
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reminds the reader to the basic definitions of electrodynamics. This is extended to briefly explain
the Drude theory of solids and its application to plasmons. Furthermore, the analytic solution of
the scattering of electromagnetic radiation from spherical particles as derived by Gustav Mie is
presented. Lastly, plasmons are defined using the electrodynamic model. If the reader choses to
skip this chapter, it is advised to review Sections 2.4 and 2.6, as these will be referenced throughout
the thesis.
Effects of interacting plasmonic particles on extinction spectra is introduced in Chapter
3. Two-particle interactions as well as chains of identical particles are discussed. Greater under-
standing of complex systems can be gained by analyzing the basic interactions between these two
more simple systems. This chapter continues by introducing two-dimensional planar arrangements
of nanoparticles. Of particular interest, is the rectilinear array given in Section 3.2.2. A special
case of this array, the perfect square lattice, is the basis of this thesis. This chapter introduces the
coupled dipole peak, a phenomenon observed in the extinction spectra of ordered arrays.
Theoretical models used in this thesis are detailed in Chapter 4. Extinction spectra for an ar-
ray is calculated using the Coupled Dipole Approximation (CDA). The majority of the simulations
in this thesis were done using the infinite model, called the rapid semi-analytic CDA (rsa-CDA). In
this approach, the two-dimensional square lattice was assumed to be infinite in the x and y direc-
tions. Particle polarizability models used in this thesis are also discussed in this chapter. Since the
CDA treats each particle as a single dipole which oscillates when light is incident on the array, the
plasmonic response was modeled using the single particle polarizability. This thesis looked at what
effects varying this model had on the extinction spectra of the square arrays. Higher order (above
dipolar) scattering modes were included in a new model with an extension using Mie theory.
Results of the CDA using the quadrupole extended polarizability model is presented in
Chapter 5. Using the rsa-CDA, large scale parametric changes in both particle radius and lattice
constant allowed identification of specific combinations that yielded extraordinary coupled peaks.
Attenuation of re-radiated light was characterized with respect to particle polarizability. Conclud-
ing remarks and a summary of the results is presented in Chapter 6.
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Chapter 2: Electromagnetic Theory of Plasmons
A plasmon is the quanta description resulting from the oscillation of electrons in a conduc-
tive material with respect to some stationary core, as photons and phonons are the quanta of light
and mechanical oscillations, respectively. In bulk material, the plasmon frequency is constant and
depends on material composition. Surface plasmons can propagate across a surface through excita-
tion of incident photons (surface plasmon-polariton) or be confined to oscillations of nanoparticles
(localized surface plasmon). In bulk materials, each metal or material which exhibits a negative
dielectric constant has unique natural plasmon frequencies. Incident photons with an energy lower
than the plasmon resonance are reflected, while higher energy photons are generally transmitted
(detailed in Section 2.3). Most metals have their bulk plasmon frequency in the ultraviolet (UV)
range, which accounts for their shine since visible light has a lower energy than UV and is thus
reflected. Gold (Au) and copper (Cu) have plasmon frequencies in the visible range, which gives
them their yellowish color.
Surface plasmons can be intuitively understood by consideration of a bulk plasma that is
placed in an electric field. Electrons respond by shifting their position relative to the incident
field away from their respective nuclei. This separation produces a Coulombic restoring force,
but neutralizes the internal electric field of the metal. If the electric field is removed the electrons
oscillate in response to the Coulomb interaction. This natural frequency is the plasmon frequency.
When describing the frequency of electron oscillation it is generally assumed that the nuclei are
stationary and thus have infinite mass. Since plasmons describe the oscillations of electrons, their
properties can be determined using Maxwell’s equations.
2.1 Review of Electrodynamics
James Clerk Maxwell showed that independent experiments in electricity, magnetism, and
optics were actually all part of the same, unified phenomenon, electromagnetism. His work in this
field was published in 1865 entitled, A Dynamical Theory of the Electromagnetic Field [1]. In his
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paper, Maxwell described twenty equations to define electromagnetism which were later reduced
to eight using modern vector notation. Of these eight, the four that are commonly referred to as
Maxwell’s equations are given by
∇ ·D = ρ, (2.1.1)
∇×H− ∂D
∂t
= J, (2.1.2)
∇× E+ ∂B
∂t
= 0, (2.1.3)
∇ ·B = 0 (2.1.4)
where E is the electric field, B is the magnetic field, J is the current density, D is the electric
displacement vector given by D = E, H is the auxiliary field defined by H = B/µ, ρ is the
charge density, and  and µ are the material permittivity and permeability respectively [2]. Vector
operations are divergence,∇·, and curl,∇×.
Together with the modern expression of Maxwell’s equations, the following equations give
the complete description of electromagnetic theory. Remaining are the Lorentz force law,
F = q(E+ v ×B), (2.1.5)
where v is the particle velocity, charge continuity equation (which follows from Maxwell’s four)
∂ρ
∂t
+∇ · J = 0, (2.1.6)
Ohm’s law,
E =
1
σ
J, (2.1.7)
and the magnetic potential, A, which satisfies
µH = ∇×A. (2.1.8)
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In the previous equations q is the value of the charge, and v is the particle velocity. In Ohm’s
law, the expression σ represents the conductivity of the material. Using these equations (in their
original form), Maxwell was the first to explain light as an electromagnetic wave with a constant
velocity, c = (0µ0)−1/2, that obeys the wave equations
∇2V = µ∂
2V
∂t2
. (2.1.9)
where V is either E or B and ∇ is the gradient. These equations need to be modified in certain
circumstances, such as waves traveling through complex media, but the new equations are merely
deviations from the ones listed above.
2.2 Electromagnetic Polarization
Plasmons are dependent on the incident electromagnetic (EM) wave’s polarization of the
electric field. Polarization of a wave describes the direction of oscillation in reference to the propa-
gation vector since light is a transverse wave. By convention, the polarization of light refers to the
direction of the electric field oscillations. The two most common polarization configurations for a
given wavelength are linear and elliptical. Linearly polarized light follows the basic sinusoidal mo-
tion with the electric field in a single plane while elliptical light follows its path like a corkscrew.
In this thesis, it will be assumed that the incident light is linearly polarized and all particles are
confined to the x-y plane. Discussion in relation to the angle of polarization will be in reference to
polar coordinates therein.
It is often convenient to use the terms ‘p’ and ‘s’ polarized light when referencing one- and
two-dimensional arrays. Incident light travels along the vector k at some angle, θ (azimuthal), to
the z axis. Reflection occurs at the interface of the array and local media and the reflected light
travels in the direction k′. The plane of incidence is the 2D surface made by the vectors k and
k′. Polarization contained in the plane of incidence in called ‘p’ polarized (‘p’ for parallel) while
orthogonal polarization is denoted ‘s’ polarized (‘s’ for senkrecht which is German for perpendic-
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ular). If the k vector is perpendicular to the reflecting surface (as will be the case for this work),
the plane of incidence will be defined as the x-z plane. That is to say, ‘p’ and ‘s’ polarizations are
in the x and y directions, respectively.
2.3 Dielectric Models in Metals
Each material has a fundamental interaction with electromagnetic waves. One description
is often referred to as a material’s refractive index. In metals, it is convenient to use a closely
related term, the dielectric function. These two terms are related by the following equation in a
non-magnetic medium,
r = η
2 (2.3.1)
where r and η are the complex valued dielectric and refractive index, respectively. An expression
for r can be derived using Maxwell’s equations outlined in Section 2.1.
Recall that that the electric field for linear material is given by E = D/ where  is the
permittivity of the material. This is derived for linear media for which the polarization (P) of the
atoms within are proportional to the total electric field. Namely, [3]
P = 0χeE (2.3.2)
where χe is the electric susceptibility of the material and 0 is the permittivity of free space. Then,
the displacement vector, (D), for linear material is given by
D = 0E+P = 0(1 + χe)E. (2.3.3)
Therefore,
 = 0(1 + χe). (2.3.4)
Material dielectric constant is the corresponding dimensionless quantity derived by dividing Equa-
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tion 2.3.4 by 0 to obtain
r = 1 + χe =

0
. (2.3.5)
Deriving a function to obtain numerical values of χe for metals can be an involved process and is
explained in following sections.
Material dielectric is a function of the energy of the incident light. In metals, the electron
band is partially filled allowing both intraband transitions between electrons in the same state and
interband transitions which are between different bands. Two basic models exist for the description
of conductance, and hence dielectrics, the classical free electron gas and the quantum models. Just
after the turn of the 20th century, Paul Drude introduced the classical model of free electrons to
explain both electrical and thermal conductance in metals [4]. This model has been expanded upon
with the advent of quantum mechanics and statistics.
2.3.1 Drude Model
The Drude model treats metals in the classical sense as the electrons behaving as a gas
with diffusive dynamics. The derivation below follows that of Dressel in [5] and Ashcroft in [6].
The electric susceptibility is defined slightly differently in a conductive material, which gives the
modified dielectric function in metals as
r(ω) = 1 +
4pii
ω
σ(ω) (2.3.6)
where σ is the complex valued conductance, ω is the frequency, and i =
√−1. In order to define
the dielectric function of a material, an analytic expression for σ must be derived.
There are two material properties that govern Drude’s model, bulk plasmon frequency and
relaxation time. Bulk plasmon frequency, ωp, is defined as
ωp =
(
4piNe2
m
)1/2
(2.3.7)
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where N , is the density of charge carriers, e is the fundamental charge, and m is the carrier mass.
This expression gives the frequency of plasma oscillations (plasmon) which varies for different
metals.
Relaxation time, τ , is the average time is takes the system to return to equilibrium. Or, the
average time between electrons colliding with the heavier and stationary nuclei (electron-electron
interactions are ignored). Relaxation time satisfies
d〈p〉 = eEτ (2.3.8)
where d〈p〉 is the change (d) in average momentum (〈p〉). Thus, in the time between collisions the
electron will have acquired a change in average momentum proportional to the electric field and
relaxation time. This can be expressed in relation to the electric field inside the metal by giving the
average velocity of
〈v〉 = −eEτ
m
. (2.3.9)
Since the current density is given by J = −Ne〈v〉, the expression for the direct current conduc-
tance is derived through substitution to obtain
J =
Ne2τ
m
E. (2.3.10)
Use of Ohm’s Law (Equation 2.1.7) then yields
σdc =
Ne2τ
m
. (2.3.11)
In the case of an alternating electric field, a modified conductance must be derived. The
induced electric field inside the metal is given as a function of time to be
E(t) = Re(E(ω)eiωt). (2.3.12)
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In a similar fashion, the momentum should satisfy
p(t) = Re(p(ω)eiωt). (2.3.13)
Each of the previous equations is for a specific value of ω. The equation of motion for the electrons
is derived by considering the probability that an electron has not experienced a collision in the time
t+ dt. That is,
d
dt
〈p(t)〉 = −eE(t)− τ−1〈p(t)〉. (2.3.14)
Solving this equation using the time dependent momentum and electric fields above give a mo-
mentum of
〈p(ω)〉 = e
iω − γE(ω) (2.3.15)
where γ = τ−1. Analogous to the DC case, an expression for conductance is found by use of
Ohm’s law and the definition of current density. This gives
J(ω) =
[
σdc
1− iωτ
]
E(ω) (2.3.16)
where the term in the brackets is the alternating current conductivity.
The modified form of conductance in metals can be used to derive an analytic expression
for the dielectric function. Inserting this expression into Equation 2.3.6, the Drude model for the
dielectric is the complex values expression
(ω) = 1 +
4pii
ω
[
ω2p
4pi
1
γ − iω
]
(2.3.17)
= 1− ω
2
p
ω2 + iγω
. (2.3.18)
For large enough frequencies (or small enough relaxation times) the above can be simplified to
(ω) = 1− ω
2
p
ω2
. (2.3.19)
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This form for the metal dielectric allows insight into how the electrons behave for various frequen-
cies of incident light.
The wave equation for electromagnetic radiation given by Equation 2.1.9 can be expressed
to evaluate how the light travels through a particular metal. Each metal is represented uniquely by
its dielectric function. Using the fact that d/dtE = iωE, c = (µ00)−1/2, and assuming that µ = 1
the wave equation for the electric field passing through a metal can be expressed as
−∇2E = ω
2
c2
(ω)E. (2.3.20)
With the wave equation in this form, it is clear to see that when (ω) is positive the electric field
becomes oscillatory and can propagate freely through the metal without attenuation. However,
for negative values of (ω) the electric field experiences exponential decay and attenuates as it
passes through the metal. From Equation 2.3.19, this is the same as saying light with frequencies
above the bulk plasma frequency can freely pass through while light with frequencies below ωp
are reflected or are absorbed by the metal. This explains why a cell phone does not work well in a
metal house. The signal has a low frequency which is absorbed by the conductive material.
2.3.2 Quantum Additions to Drude’s Model
Experimental evidence showed that the Drude model had an inconsistency for low tem-
perature applications. Electrons randomly bounce off of the ionic cores which gives an average
velocity of zero for all the electrons, but an individual electron has an average velocity that de-
pends on the temperature and the relaxation time. The formalism follows the Maxwell-Boltzmann
distribution and gives the kinetic energy (due to the thermal velocity) to be [5]
1
2
m〈v2〉th = 3
2
kBT (2.3.21)
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where kB is the Boltzmann constant and T is the temperature in Kelvins. The mean free path for
electrons is the thermal velocity multiplied by the time between collisions. This is given as
l = 〈v〉thτ. (2.3.22)
These are valid approximations for large temperature, but there existed discrepancies in the model
with experimental data. These discrepancies were fixed by the advent of quantum mechanics.
In 1933, Arnold Sommerfeld expanded on Drude’s model using quantum mechanics [7].
Sommerfeld put forth the idea to use the quantum mechanical distribution function called Fermi-
Dirac statistics developed independently by Paul Dirac and Enrico Fermi. This model applies
to particles that obey the Pauli exclusion principle, such as electrons. That is, identical particles
cannot occupy the exact same state as each other. The main addition of this model is a modification
to the kinetic energy of the electrons and thus the mean free path. The mean free path is given by
[5]
l = vF τ (2.3.23)
where vF is the Fermi velocity given by [6]
vF =
(
~
m
)
kF . (2.3.24)
In the above, kF is the Fermi wave vector, which is unique to a given metal. The Fermi velocity is
expressed independently of temperature, which implies that the ground state velocity is non-zero,
which is in stark contrast to the Drude model which states when T = 0 there is no electron motion.
As the size of metals decreases to the microscale, the interactions of the conduction electrons and
photons create localized surface plasmons that can be described by Mie theory.
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2.4 Mie Theory
Gustav Mie (and a few others independently) solved the solution to Maxwell’s equations
for the scattering of light of spherical particles in 1908 [8]. This was done by expressing Maxwell’s
equations using spherical coordinates for an incident plane wave. For particles much larger or much
smaller than the incident wavelength, approximate methods can accurately describe EM scattering
from spherical particles. For spherical particles of diameter close to incident light wavelength, the
exact Mie solution is needed.
Mie theory gives the amount of angle dependent scattering for an isotropic sphere in a
homogeneous medium. The scattering amplitudes are given by [9]
S1(θ) =
∞∑
n=1
2n+ 1
n(n+ 1)
(anpin(cos θ) + bnτn(cos θ)), (2.4.1)
S2(θ) =
∞∑
n=1
2n+ 1
n(n+ 1)
(bnpin(cos θ) + anτn(cos θ)). (2.4.2)
In the previous equations, n is the order of the mode (dipole, quadrupole, etc.), an and bn are the
Lorenz-Mie coefficients, and pin and τn are described by the Legendre polynomials, Pn by
pin(µ) =
dPn(µ)
dµ
, (2.4.3)
τn(µ) = µpin − (1− µ2)dpin
dµ
. (2.4.4)
Equations 2.4.1 and 2.4.2 are then used to determine scattering and absorption.
Calculation of the Lorenz-Mie coefficients involves the use of Ricatti-Bessel Functions.
The analytic form for an and bn are
an =
mψn(mx)ψ
′
n(x)− ψn(x)ψ′n(mx)
mψn(mx)ξ′n(x)− ξn(x)ψ′n(mx)
, (2.4.5)
bn =
ψn(mx)ψ
′
n(x)−mψn(x)ψ′n(mx)
ψn(mx)ξ′n(x)−mξn(x)ψ′n(mx)
(2.4.6)
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where m = 1/2η−10 is the ratio of dielectrics inside and outside the sphere, ψ and ξ being the
Ricatti-Bessel functions, and x = 2piη0R/λ is the size parameter [9]. The functions ψ and ξ are
given by the spherical Bessel functions,
ψ = zjn(z), (2.4.7)
ξ = z(jn(z)− iyn(z)), (2.4.8)
with
jn =
√
pi
2z
Jn+1/2, (2.4.9)
yn =
√
pi
2z
Yn+1/2. (2.4.10)
In these equations, Jn and Yn are the two linearly independent solutions to Bessel’s second order
differential equation [10]. Though mathematically less elegant, 2.4.5 and 2.4.6 can also be written
as
an =
i(n+ 1)
n(2n+ 1)
x2n+1
1232...(2n− 1)2un
m2 − vn
m2 +
[
n+1
n
]
wn
, (2.4.11)
bn =
i(n+ 1)
n(2n+ 1)
x2n+1
1232...(2n− 1)2un
1− vn
1 +
[
n+1
n
]
wn
(2.4.12)
where un, vn, and wn are complex polynomials that approach unity as particle radius goes to zero
[11].
Extinction efficiency of light scattered and absorbed from spheres from an incident plane
wave can be determined using Mie theory. Extinction cross section for forward scattered light is
determined using optical theorem and is given by
Cext =
4
x2
Re(S(0)) (2.4.13)
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with S(0) = S1(0) = S2(0) [12]. This can be expressed by
Cext =
2
x2
∞∑
n=1
(2n+ 1)Re(an + bn) (2.4.14)
so that the scattering cross section is given by
Csca =
2
x2
∞∑
n=1
(2n+ 1)(|an|2 + |bn|2). (2.4.15)
Absorption cross section, Cabs, can be calculated by Cext = Csca + Cabs. Extinction efficiency is
simply the extinction cross section divided by the cross sectional area of the particle.
Mie’s approach to solve this problem can also be extended to non-spherical shapes and
non-homogeneous media. Discussions of that sort are outside the scope of this thesis. Extensions
of Mie theory for determining the polarizability of spheroidal particles as well as coupling effects
will be discussed in Section 4.4.
2.5 Surface Plasmon-Polariton
A surface plasmon-polariton (SPP) is the description of propagating electron oscillations
excited by incident light along the the interface of a metal-dielectric. Dielectric refers to insulators
here which differs from dielectric function as defined previously. Interest in SPP research increased
after their description in the 1950’s as energy loss from electrons passing through metal foils [13].
The term polariton refers to the coupling electromagnetic (EM) waves to electric or magnetic
excitation. Conduction electrons oscillate as a collective in response to the incident EM wave
giving rise to unique features based upon the surface plasmon and photon interactions [14].
To describe this phenomenon qualitatively, consider an incident EM wave at an angle of θ1
with respect to the line normal with the interface that has a single polarization (described as a linear
combination of parallel, ‘p’, and perpendicular, ‘s’, polarizations). In accordance with Snell’s law,
sin θ1
sin θ2
=
v1
v2
=
η2
η1
, (2.5.1)
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there exists a maximum angle (or critical angle) in which incident light at an angle greater than
θmax cannot produce propagating SPPs [15]. Since no waves can propagate through medium 2 in
the event that the refracted light travels at an angle of pi/2, the critical angle is given by
θmax = sin
−1
√
2
1
(2.5.2)
where 1 and 2 are the dielectric functions of the two media. Incident radiation above θmax has
more momentum than medium 2 can support, causing the oscillation of electrons at the interface
surface in accordance with the oscillating incident electric field [15]. Since these waves cannot
propagate in medium 2, they become evanescent fields which oscillate at the same frequency as
the incident EM wave.
The frequency dependent wavevector of the SPP can be found by solving Maxwell’s equa-
tions with appropriately chosen boundary conditions. This leads to the requirement of ‘p’ polarized
light as well as m < 0 (which metals satisfy) [14]. The resultant wavevector is expressed by
kSPP = k0
√
md
m + d
(2.5.3)
where the subscripts m and d stand for metal and dielectric respectively and k0 is the vacuum
wavevector. Here, the term dielectric by itself denotes a material classified as an insulator. The
above relation produces a momentum mismatch that must be overcome to produce the coupling
between surface plasmons and incident photons.
Several methods exist for overcoming the momentum mismatch in order to excite SPPs
along the metal-dielectric interface. Two methods discussed here are the prism and waveguide as-
semblies. Originally introduced in 1968 by Kretschmann and Raether [16], a metal film deposited
on one side of the prism is exposed to light through a prism at an incident angle of θ. Evanes-
cent tunneling at the metal-prism boundary excites the SPP through total internal reflection [17].
Coupling is located at a point where the incident light is reflected at the base of the prism. Since
the Kretschmann setup, a waveguide configuration has been used to excite the SPPs. One example
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of this assembly shines light through a waveguide that has a buffer layer between the metal and
waveguide to control the refractive index to promote the excitation of SPPs [18]. Plasmons that are
geometrically confined to a particle (LSPR) do not require such excitation methods.
2.6 Localized Surface Plasmon
Localized surface plasmons are collective oscillations of conduction electrons geometri-
cally confined to the surface of a particle. Particle size and shape variations allow for different
electric and magnetic modes to physically oscillate on the particle. Several publications have re-
ported on how the plasmon resonance is dependent on the particle size [19, 20, 21, 22, 23], shape
[21, 24], composition [21, 24], and arrangement of interacting particles [19, 20, 22, 24]. This phe-
nomenon can be simplified by examination of two specific electric modes found on non-magnetic
spherical particles, the dipole and quadrupole. The oscillation of surface electrons leads to scatter-
ing and absorption of the incident electromagnetic (EM) wave, which can be determined exactly
be way of Mie theory. Modifications to this formulation allow approximate polarizability models
to be developed based upon the dipole approximation as described later in Section 4.4.
For particles much smaller than the incident wavelength, only electric dipole modes appear.
The incident EM wave causes a non-zero electric field inside the metal particle. Since the particle is
a conductor, its equilibrium state is when the internal electric field is zero. To achieve this state, the
conduction electrons move against the incident electric field (or opposite of the EM polarization)
until in the internal field is canceled. As the wave passes through the particle, the electric field
changes directions and the electrons move correspondingly. The natural, free-space frequency that
this collective oscillation occurs is known as the localized surface plasmon resonance (LSPR).
Figure 2.1 (a) displays the dipole mode of an arbitrary particle. The frequency at which this occurs
is dependent on particle parameters including the material or ‘dielectric function’ of the particle
(see Section 4.4.1 for details on the location of the resonance).
Increasing particle size relative to the incident wavelength allows for a quadrupole mode
to appear in the particle. Spatial perturbation of the electric field within the particle causes the
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Figure 2.1: Graphic displaying the (a) dipole and (b) quadrupole electric modes of different sized
particles relative to the incident wavelength.
conduction electrons to move in different patterns as displayed in Figure 2.1 (b). As the EM
wave passes through the particle, the internal electric field changes, which induces movement of
the electrons. For a given particle radius, both dipole and quadrupole modes can exist at specific
wavelengths but are maximized at different values; the dipole at greater and quadrupole at lesser
values of λ. Larger particle sizes (or smaller incident wavelengths) can support hexapole and
higher order electric modes. Section 4.5 discusses this in detail.
Increased understanding and more accurate modeling of the real system parameters re-
garding LSPR is crucial for fabrication. Guidance of the fabrication process is provided when
geometric configurations are identified that allow maximal constructive coupling to occur between
particles. Coupling can increase extinction by several orders of magnitude above the single parti-
cle limit, creating applications in alternative energy [25, 26], health [27, 28, 29], national security
[30, 31, 32, 33], and catalysis [34]. The next chapter describes the interaction process of plas-
monic particles to introduce the reader to concepts that are built upon for two dimensional arrays
considered in this thesis.
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Chapter 3: Plasmonic Interactions
Nanoparticles in an incident electromagnetic (EM) field which exhibit localized surface
plasmon resonance (LSPR) interact when they are in proximity to each other. This interaction pro-
duces shifts in their respective LSPR. Amplification of the EM coupling occurs for nanoparticles
situated in ordered arrays to promote constructive phase overlapping of the diffracted EM wave.
A straightforward approach to understanding these interactions is to consider the one dimensional
(1D) case. Two dimensional (2D) structures of nanoparticles produce effects that are more com-
plicated to describe and will be addressed at the end of this chapter. A description is given in
this chapter for simple interactions as well as basic descriptions for more complicated diffraction
patterns. A full examination of interactions for square arrays is given in Chapter 5.
3.1 One Dimensional
3.1.1 Two Nanoparticle Systems
Plasmonic interactions between two particles can occur when they are brought into close
proximity to each other. These interactions are a function of particle separation as well as the
angle of the incident EM polarization and its corresponding phase. Other factors that affect the
interactions, but are not discussed in this chapter include the angle of incident light and changes
in local refractive index. When these particles come near each other, they couple together to form
a system with a slightly modified LSPR. Changing the separation between the particles or the
incident polarization angle affects the amplitude and location of the LSPR in a predictable way
indicative of near- and far-field interactions.
For simplicity, consider two identical, spherical particles located on the x-axis with a ra-
dius, R, that is much smaller than the plasmon wavelength situated at a separation of D with
incident ‘p’ polarized light. The radius was chosen so the dipole approximation can be used. Scat-
tering and absorption of each electric mode is present, but can be neglected above the dipole limit
for particles much smaller than the incident wavelength. Therefore, each particle will be described
19
by a dipole with its moment in the direction of the incident electric field. Since oscillating dipoles
do not radiate in the direction of their dipole moment, far field effects will be neglected in this
example. When the particles are nearly in contact, 2R ≈ D, the particle’s effect on each other is
the strongest, resulting in a large magnification of the local electric field around the point of near
contact.
At a specified instant in time, the internal electric field due to the dipole of the isolated
particle, A, is oriented in the x direction corresponding to a Coulombic restoring force as seen in
Figure 3.1 (b, i). The electric field from the neighboring particle, B, inside particle A is in the
opposite direction; decreasing the attractive force from particle A’s induced dipole (Figure 3.1 (b,
ii)). This decrease in magnitude of the internal electric field of particleA causes it to oscillate more
slowly, redshifting the location of the LSPR. Furthermore, the point of contact has a positive and
negative charge which enhances the electric field and increases the amplitude of the LSPR peak.
As the separation between the particles increases, the effect of particle B on A is decreased which
produces less redshifting until the particles are separated far enough apart that their mutual effects
are negligible and the LSPR of each particle is the same as its isolated value. These near field
effects become negligible at about five times the radius.
Consider the same two particles with the incident light now ‘s’ polarized. In this case, far-
field radiation becomes important. Now, the isolated particle has an electric field in the y direction
(Figure 3.1 (a, i)). When the particles are in near contact, the interacting electric field from particle
B on A is in the same direction as seen in Figure 3.1 (a, ii), increasing the rate of oscillation.
This results in a blueshifted LSPR. There are no charges at the contact point due to the orientation
of each dipole, but the positive and negative portions are facing each other which tend to push the
electric field away causing a decrease in the LSPR amplitude. This effect is enhanced when several
particles are brought together in a chain.
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Figure 3.1: (i) Isolated and (ii) interacting particles with (a)‘s’ and (b) ‘p’ polarized light.
3.1.2 Chains of Nanoparticles
In the previous section, details of two interacting plasmonic particles were described. A
natural extension is to add more particles to form a 1D linear chain. This amplifies the results
described previously. The details of ‘p’ polarized light is captured in the case of two particles
since radiative effects are negligible. However, far-field effects from ‘s’ polarized light on chains
of nanoparticles have a significant effect worth detailing.
A chain of particles located along the the x-axis at a separation of D and radius R with ‘s’
polarized incident light propagating along the z-axis exhibit EM coupling of the re-radiated light
and the surface plasmons of the individual particles. This coupled effect produces an extraordinary
extinction peak when the particle separation is on the order of the incident wavelength. In accor-
dance with Mie theory, each particle becomes a scatterer of light which is re-radiated towards the
other particles located along the chain. When the scattered light constructively interferes with the
incident light, the electron oscillation (or plasmon) is enhanced causing more light to be scattered
away. This phenomenon is henceforth referred to as plasmon-photon coupling.
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Figure 3.2: Extinction spectra for a linear 1D chain of 50 Au nanoparticles of radius 80 nm with
varying separations labeled as labeled in the figure.
This extraordinary feature is magnified by increasing the number of particles in the chain.
For example, simulations that included 50 gold (Au) nanoparticles showed an extinction peak that
reached a four fold magnitude increase relative to the single particle LSPR. Details of the simu-
lation using the coupled dipole approximation is given in Chapter 4. Figure 3.2 shows calculated
extinction efficiency for a single particle (solid) and 1D linear chains of 50 Au nanoparticles ori-
ented along the x-axis with a radius of 80 nm and separations of 550 (dash), 600 (dot), 650 (dash
dot), and 700 nm (dash). Extinction efficiency is the extinction cross section (Equation 2.4.14)
divided by the area of the particle. Calculated peak locations were found to be at values of 577,
612, 656, and 702 nm, which was slightly larger than the particle separations due to the effects of
coupling and attenuation of the incident light. Notice that the amount of redshifting of the cou-
pled peak location from the lattice constant decreased as particle separation was increased. This
phenomenon is described in detail in Section 5.2.
Amplitude of the coupled peak was highly dependent on the angle of incident polarization.
Figure 3.3 shows how this peak disappeared as the angle of polarization swept from the x to y
direction. It displays the extinction from a linear chain of 50 Au nanoparticles along the x-axis
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Figure 3.3: Linear 1D chain of 50 Au nanoparticles of radius 80 nm with varying angles of incident
radiation of 0, pi/4, pi/3, and pi/2 radians.
with a radius 80 nm and a spacing of 600 nm with an incident polarization angle varying with values
of 0, pi/4, pi/3, and pi/2 radians. Particle spacing of 600 nm spacing was chosen since it was the
maximum extinction amplitude from Figure 3.2. At pi/2 rads, the dipole moments were directed
orthogonal to the chain which maximized the amount of radiation that affected the neighboring
particles which gave a peak extinction efficiency of 19. Rotation of the incident polarization angle
moved the dipole moment towards the direction of the chain, which eliminated the coupled peak
since dipoles do not radiate in the direction of their dipole moment. This is illustrated by the 0
radian rotation which did not yield a coupled peak. Location of the coupled peak remained constant
through the rotation at a value of 610 nm. A second order diffraction peak also appeared from
D/2, which followed the same pattern as the first order peak since this peak was also generated by
diffraction. Redshifting and increased amplitude of the LSPR centered at about 560 nm occurred
when the angle of polarization was increased, which is consistent with the results from the previous
section.
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3.2 Two Dimensional
3.2.1 Random Arrays
Random arrays of particles have modified LSPR due to interactions from neighboring par-
ticles. However, since the arrangement is random, far-field interactions become negligible since
diffracted light is not compounded by collective constructive interference of the re-radiated EM
wave. The LSPR of the array is dependent on the average particle size and relative separation of
the elements. Since the particles have no inherent order, the angle of polarization has little effect on
spectral features. Proximity of the particles dictates the shifting of the LSPR (described in Section
3.1.1). Since this work is focused on far-field effects, random arrays are only mentioned in brevity.
3.2.2 Rectilinear Arrays
Two dimensional (2D) periodic nanostructures of chains produce extraordinary spectral
features that are greatly magnified above the 1D limit. A rectilinear array of particles (repeating
chains) exhibit near field plasmonic interactions that reflect both ‘s’ and ‘p’ polarized chains. While
these effects have been well characterized in the literature [17, 20, 22, 23, 24, 30, 32], the extraor-
dinary far-field coupling in the 1D chains has increased interest in diffraction from ordered arrays.
Rectilinear arrays with a y separation of dy and an x separation of dx exhibit an extraordinary peak
in extinction at locations near the values of dx and dy, depending on the angle of polarization [32].
The special case considered in this thesis is a square array when dx = dy = D. Figure 3.4
shows the physical square array. Parameters shown in the figure are the lattice constant, particle
radius, and orthogonal excitation with x-axis polarization. Evaluation of the retarded dipole sum,
Equation 4.1.8, showed that there was a divergence or singularity at incident wavelengths equal
to D. This resulted in extraordinary spikes in extinction efficiency (see Equation 4.1.10). Details
describing the coupling effects is the basis of this thesis and are comprehensively addressed in
Chapter 5.
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Figure 3.4: Square array of spherical nanoparticles showing orthogonal incident light with polar-
ization.
3.2.3 Other 2D Configurations
Hexagonal periodic structures are often used for close-packed arrays. However, such ar-
rays also experience radiative coupling when the lattice constant is on the order of the LSPR
wavelength. Figure 3.5 shows a plot of the extinction efficiency for an ordered square (dash) and
hexagonal (solid) 10×10 array of Au nanoparticles. Each particle had a radius of 80 nm and the
lattice constant was set to 650 nm with the angle of polarization along the y-axis. There were four
peaks seen in in both of the spectra. These four peaks in the square array occurred at wavelengths
of 670, 538 , 486, and 338 nm. Three of these peaks were from coupling with scattered light from
different geometric modes. These modes were the axial (670), half the diagonal (486), and half the
axial (338). The forth peak at 538 nm corresponded to the LSPR. In the hexagonal array, the four
peaks were from axial (627), LSPR (535), half the diagonal (372), and half the axial (335). Peaks
from each plot associated with the same mode occurred at different wavelengths since the particle
arrangement was different. This varied the phase of light from each scatterer as it coupled with
neighboring particles which caused the said differences in peak location.
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Figure 3.5: Extinction for a 10x10 square (dash) and hexagonal (solid) array of Au nanoparticles
with a radius of 80 nm and lattice constant of 650 nm.
Table 3.1: Comparison of geometric arrangements in arrays
Advantages Disadvantages
Rectilinear Analytic solution exists Couping highly dependent on
angle of polarization
Hexagonal Efficient for close-packed
applications
Coupling not as strong as
square array
Fibonacci Rotational symmetry Not well suited for far-field
coupling
Dimer Strong near field
enhancements
Highly dependent on
Polarization angle
Several other ordered structures exist and display similar attributes. Besides the hexagonal
and rectilinear structures, the Fibonacci and periodic dimer structures are used. The Fibonacci
structure resembles a periodically repeating octagon. It is used because of the rotational symmetry
for small rotations of the angle of polarization. The periodic dimer is used to both enhance near-
field interactions as well as enable different plasmonic oscillation shapes. Table 3.1 describes four
different geometric arrangements and lists some advantages and disadvantages of each.
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Chapter 4: Computational Models
Maxwell’s equations, as defined in Section 2.1, can only be solved analytically for sim-
ple situations, like Mie theory. Beyond these scenarios, methods have to be developed to solve
problems by assuming simplifications, numerical simulations, or computer aided exact solutions.
Numerical simulations and exact solutions can take several days to compute for many complex
problems, even with the aid of a supercomputer. This chapter examines some approximate meth-
ods for computing the scattering from nanoparticle arrays. The coupled dipole approximation
(CDA) is a method that assumes the LSPR of each nanoparticle is dominated by the dipole term.
As such, each particle is replaced by a single oscillating dipole. Results are compared to the nu-
merical solution Finite Difference Time Domain (FDTD) which discretizes both time and space to
solve Maxwell’s equations when higher order electric modes begin to appear or when the underly-
ing assumptions in the dipole approximations are insufficient to give accurate results. This chapter
briefly describes both methods while focusing on the models for particle polarizability.
4.1 Coupled Dipole Approximation
4.1.1 Finite Model
Optical features for particles much smaller than the incident wavelength can be calculated
by ignoring all plasmon resonance modes except the electric dipole. Each nanoparticle is assumed
to be a point dipole with the positive charge located at the origin and the negative charge oscillating
about the axis of polarization. Because of this assumption, the CDA is not well suited for near-
field interactions. This assumption greatly simplifies Maxwell’s equations for particles ordered
in 2D square arrays by reduction of the particle polarizability from a tensor to a scalar value.
Electromagnetic fields around each particle are a result of the incident field, and the scattered field
from other self-consistent particles. Different particle shapes can be analyzed by integration of
different models of polarizability. Several particle polarizability forms have been used to describe
the resultant electric field, which will be described later in this chapter.
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Each individual particle contributes to the total scattering which couples with neighboring
particles. Induced dipoles from the sinusoidal incident EM field account for the radiative scattering
and are described by the polarization vector of the ith particle where i ∈ [1, N ] by
Pi = αiEtot(ri) (4.1.1)
with the position vector denoted ri and total electric field at the particle,Etot. Particle polarizability
is denoted by α. The total electric field is a superposition of the incident plane wave and the
scattered fields from each particle of the other N − 1 particles. Radiative dipoles are the source of
an electric field that is described by [2]
Edip =
eikrij
4pi0
[
k2(rˆij×Pi)×rˆij 1
rij
+ [3rˆij(rˆij·Pi)−Pi]
(
1
r3ij
− ik
r2ij
)]
(4.1.2)
where rˆij is the unit vector pointing from the ith to the jth particle. Then, the local electric field
around each particle is expressed by
Eloc = Einc +
∑
i 6=j
Edip (4.1.3)
where
∑
i 6=j Edip is the contribution from all neighboring particles and henceforth denoted as the
retarded dipole sum, S. The incident field is found by solving the wave equation when no free
charges are present and  and µ are constant,
∇2Einc = µ∂
2Einc
∂(ct)2
. (4.1.4)
Then, Einc = E0eik·r−iωt. Replacing this into Equation 4.1.1 gives the following expression for the
polarization vector, P,
P = AE (4.1.5)
where A is the 3N × 3N matrix that gives the coefficients for the retarded dipole sum [35, 36].
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The components of the above equation are found by
N∑
i 6=j
Aij ·Pj = Ei. (4.1.6)
Extinction cross section can be calculated using optical theorem by
Cext =
4pik
|E0|2
N∑
j=1
Im(E∗inc,j ·Pj). (4.1.7)
Simulations using this model were performed using MATLAB R2011b. Calculation of the
dipole moment P was done using MATLABs built in matrix inversion operation. Any particle
configuration can be inserted in the code, such as chains, hexagonal or square arrays, and single
particles. As the number of particles increases, so does the computational time since the electric
field local to each particle is calculated by adding the contribution of all other particles. As an
example, a 30×30 array (900 particles) with 700 incident wavelengths took approximately 12.5
hours to complete. This was only for a single particle size and spacing. Any change of either
size or spacing would require another 12.5 hours per single change. To overcome the issue time
consumption, an infinite 2D model was used for this work.
4.1.2 Infinite Model
Ordering arrays of nanoparticles in different periodic arrangements simplifies the equations
of the previous section. Reductions in the said equations are based an infinite square array of
particles. Ordering the particles in a square array allows reduction of the retarded dipole sum to
S = eikrij
∑
i 6=j
[
(1− ikrij)(3 cos2 θij − 1)
r3ij
+
k2 sin2 θij
rij
]
(4.1.8)
where rij and θij is th distance and angle between the ith and jth particles respectively [20]. The
electric field by each given dipole on the “center” dipole is given by Edip = SPj . With orthogonal
excitation, each particle in an infinite array becomes indistinguishable from any other which forces
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Pi= Pj= P. Therefore, the array polarization from Equation 4.1.1 becomes
P =
αEinc
1− αS . (4.1.9)
The extinction cross section can be replaced by [37]
Cext = 4piIm
(
α
1− αS
)
. (4.1.10)
Extinction efficiency as used in all spectral plots was calculated by taking Cext and dividing by the
cross sectional area of the lattice elements.
The retarded dipole sum, S, was determined by a matrix allocation of the different parti-
cles in the ordered 2D array. D.K. Roper and B. Taylor discovered a way to take advantage of
symmetry of the square lattice giving a reduction in function calls as well as analytic treatment
of the axial and diagonal elements of the array [37, 38, 39]. Off-axial/diagonal (OAD) element
contributions were calculated using a truncated double sum with a grid size denoted G giving a
(2G+1)×(2G+1) array. Each of the three contributions (axial, diagonal, and OAD) were calculated
separately to determine their individual effect on the array. The infinite nature of the array allowed
each particle to be considered the “center.” Calculations of the retarded dipole sum for this “cen-
ter” particle was then be applied to each individual particle to generate the extinction efficiencies
of an array with specified particle radius and lattice constant. This solution for infinite coupled
dipole approximation is henceforth denoted as the rapid semi-analytic coupled dipole approxima-
tion (rsa-CDA). Next, particle polarizability, α, was calculated which required evaluation of the
Lorenz-Mie coefficients.
4.2 Numeric Calculation of Mie Coefficients
In order to determine scattering from an isotropic sphere, numerical methods of determin-
ing values of the Lorenz-Mie coefficients were determined. Since this thesis assumes non-magnetic
nanoparticles, explicit derivation of bn is not presented here. A computationally friendly way to
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express an is by use of the recursive relation for the Riccati-Bessel functions
ψn−1(x) =
2n+ 1
x
ψn(x)− ψn+1(x) (4.2.1)
and rearrangement of Equation 2.4.5 into
an =
[Dn(z)m
−1 + nx−1]ψn(x)− ψn−1(x)
[Dn(z)m−1 + nx−1] ξn(x)− ξn−1(x) . (4.2.2)
Dn(z) is defined as the logarithmic derivative expressed by ddz lnψ(z) and z = mx [40].
In order to calculate future values of the Riccati-Bessel functions using upward recursion
there must be initial values for nof 0 and 1. These are given by [41]
ψ−1(x) = cos x ψ0(x) = sin x, (4.2.3)
ξ−1(x) = sin x ξ0(x) = cos x. (4.2.4)
However upward recursion of the logarithmic derivative is unstable so downward recursion was
used. The recurrence relation is given by [41]
Dn(z) =
n+ 1
z
−
[
Dn+1(z) +
n+ 1
z
]−1
. (4.2.5)
To determine the starting value for downward recursion, the asymptotic behavior of Dn was de-
fined. That is, for large n,
Dn(z) =
n+ 1
z
. (4.2.6)
In order to obtain this result for large n, the maximum initial value was set toNmax = z+4.5z1/3+
60 with DNmax = 0 + 0i [41]. Using the above recursion relations allowed calculation of all Mie
coefficients applicable to a particle of a given radius.
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Figure 4.1: Spectra for a 70 nm radius particle array spaced at 600 nm using incident wavelength
resolution values of 1 (solid) and 0.1 (dotted) ranging from 608 to 620 nm.
4.3 Resolution with Infinite Approximation
Increased resolution of the incident wavelengths was a vital advantage of the rsa-CDA
algorithm. Simulations that were run over the range of 300 to 1000 nm had to perform a simulation
for each individual wavelength. Normally, the simulation was run at 1 nm increments. However,
often times there was important activity with sub-nm incident wavelengths. Incident wavelengths
run at 0.1 nm increments increased the number of total simulations by an order of magnitude but
captured important activity overlooked by more coarse discretization. Figure 4.1 demonstrates this
by comparing array simulations that had wavelength discretization set at 1 and 0.1 nm. Particle
size and spacing for each simulation was set to 70 and 600 nm, respectively, with OAD inclusions
of 201×201. Due to the particle spacing, the incident wavelengths considered were in the range of
608 to 620 nm to capture only the coupled peak.
The two plots were identical at integer values of incident wavelength, but varied greatly at
points in-between. There were two peaks of interest which occurred between 610-611 and 615-616
nm. At 1 nm discretization, the maximum extinction was found to be 53.71 at a wavelength of 615
nm while the 0.1 nm discretization showed the peak to reach 14,080 at 610.7 nm. Both peaks were
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almost non-existent with courser wavelength increments compared to the greater resolution, the
first of which decreased by 99.6%.
Next, mathematical models for the dipole polarizability are given.
4.4 Particle Polarizability Models
The basis of the this work’s theoretical framework was the assumption that each particle is
a dipole. Thus, a model for the dipole polarizability was established. This section describes the
models used and compared in this thesis. Two polarizability models used to calculate results are
the Modified Long Wavelength Approximation (MLWA) and the model based upon Mie theory for
spheres. Both models have advantages and disadvantages associated with them, as described in
this section.
4.4.1 Electrostatic Models
In general, particle polarizability for induced dipoles has a magnitude that is dependent on
the angle of induced polarization. This can be expressed as a generalized version of Equation 4.1.1
with a nine term polarizability tensor
Pi =
∑
j
αijEj (4.4.1)
where i and j are the independent three coordinate system. It was assumed that the particles are
isometric parallel to the plane where the incident polarization occurs. Several models for particle
polarizability, α, have been suggested along with modifications to existing models to extend their
applicability. Some of these models include the quasistatic, modified long wavelength approxima-
tion (MLWA), and an expression based upon Mie theory.
In the quasistatic model, electrodynamics are replaced by electrostatics by assuming k = 0
in Equation 4.1.2. This approach is only valid for spheres of small radii (< about 30 nm for Au)
where far-field effects are negligible compared to absorption. The quasistatic approximation for a
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sphere is given by
αq(ω) = R
3m
2 − 1
m2 + 2
(4.4.2)
where R is the particle radius and m is the ratio of dielectrics inside and outside the sphere as
defined in Section 2.4 [42]. This expression can also be generalized for ellipsoidal particles by
inclusion of a geometric factor Li, described in [43]. This expression is dependent which axis the
polarization is directed and is given by
αq,i(ω) =
abc
3
m2 − 1
1 + Li(m2 − 1) (4.4.3)
where i is a, b, or c corresponding the the x, y, and z semi-axes respectively and
Li =
abc
2
∫ ∞
0
1
s+ i2
(
(s+ a2)(s+ b2)(s+ c2)
)− 1
2 ds. (4.4.4)
Equation 4.4.3 reduces to Equation 4.4.2 when a = b = c = R since Li = 1/3 ∀i.
For the case of spheroids, this can be expressed analytically [44]. In this case, the polariz-
ability is expressed as
αq =
b3(1 + χ)ξ20 + 1
3ξ20
m2 − 1
m2 + χ
(4.4.5)
where ξ0 and χ are size parameters given by
χ = −1− 2
[
ξ20 −
ξ0(ξ
2
0 + 1)
2
cos−1
(
ξ20 − 1
ξ20 + 1
)]−1
, (4.4.6)
ξ0 =
(
b2
a2
− 1
)−1/2
. (4.4.7)
Here, b and a are major and minor semi axes respectively.
A useful expression for the quasistatic polarizability is for oblate spheroids. This shape
approximates cylindrical particles fabricated using lithography techniques. In this case, the size
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factor is expressed as [45]
L1 =
g(e)
2e
[pi
2
− tan−1g(e)
]
− g
2(e)
2
, (4.4.8)
e =
(
1− c
2
a2
)−1/2
, and g(e) =
(
c2
a2 − c2
)−1/2
. (4.4.9)
The term e is the eccentricity of the spheroid and note that L1 = L2 here. The polarizability
values are then found by plugging in the above information to Equation 4.4.3. This equation
for polarizability will be used in Chapter 5 in comparison of various models and the effects on
the coupled extinction peak therein. Polarizability as defined by equation 4.4.2 is often used in
discrete dipole approximation calculations since larger particles are assumed to be composed of
several point dipoles [46].
Particle polarizability becomes very large at values of m2 near -2 due to divergence in
the denominator of Equation 4.4.2. This area is regarded as the dipole LSPR due to the peak in
extinction that occurs [47]. For this reason, the plasmon resonance only occurs in materials with
a negative refractive index. Furthermore, the plasmon resonance in the quasistatic approximation
is independent of the particle size. However, this fact is not seen in the exact polarizability model.
Mie theory shows that the dipole LSPR redshifts as particle size increases. Thus, larger particles
require a polarization model that includes damping and depolarization effects since the electron
cloud no longer moves in a homogeneous manner. This can be done by modification of the static
term by an addition electric field correction.
The MLWA still uses electrostatics, but inserts an addition to the local electric field to
include radiative damping and depolarization. The modification gives
P = αq(E+ Erad) (4.4.10)
where Erad is the effect of particle polarization on the center of the particle. Determination of Erad
can be determined by assigning a dipole moment to each volume element by dp = PdV . The
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internal electric field from each volume element can be calculated to determine the depolarization
effects within the metal particle by integration over the volume of the sphere. The time dependent
polarization vector can be given as P (t) = P0eikr with oscillation about the z-axis [48]. Then,
radial and tangential components of the electric field induced by the radiating dipole is given by
[48] as
ER = 2 cos θ
(
P
r3
+
P˙
cr2
)
, (4.4.11)
Eθ = sin θ
(
P
r3
+
P˙
cr2
+
P¨
c2r
)
(4.4.12)
where r is the distance from the origin, c is the speed of light, and P˙ denotes the time derivative
of the polarization vector. Taylor expansion of eikr up to O(k4), assuming the parallel component
(perpendicular contributions cancel) of the depolarization field is given by
E|| = ER cos θ − Eθ sin θ, (4.4.13)
yields an electric field correction of [49]
Erad =
2
3
ik3P+
k2
R
P. (4.4.14)
For further details of the derivation, see [50].
Insertion of Equation 4.4.14 into Equation 4.4.10 and rearranging into the standard form of
the equation gives the following expression for the modified dipole moment:
P =
αq
F
E (4.4.15)
where
F =
(
1− 2
3
ik3αq − k
2
R
αq
)
. (4.4.16)
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Finally, the MLWA polarizability description gives
αMLWA =
αq
F
=
1
α−1q − 23ik3 − k
2
R
(4.4.17)
where the middle and final terms in the denominator are the damping due to radiation at the sphere
center and dynamic depolarization which is dependent on the particle radius, respectively [42]. For
spherical particles, an exact dipole polarizability model can be used, described next.
4.4.2 Electrodynamic Models
Particle polarizability can be described for spherical particles with the aid of Mie the-
ory. Equation 2.4.11 describes the Lorenz-Mie coefficients for the nth electric mode. Particle
polarizability can be determined exactly by dividing each term in Mie theory by the respective
partial-wave amplitude of the incident EM wave [11]. Considering only dipole interactions, the
polarizability is given by
αMie =
3iR3
2x3
a1 (4.4.18)
where R is the particle radius, x = η0kR is the size parameter, and a1 is the Lorenz-Mie dipole
coefficient defined by either Equations 2.4.5 or 2.4.11. Equation 4.4.18 is the exact dipole polar-
izability approximation and must be used for particles that are not much smaller than the incident
wavelength to avoid errors associated with electrostatic descriptions. It should be noted that a1 is
dependent on both the parameters R and the dielectrics of the sphere and medium. It is assumed
that the sphere is isotropic and the medium is homogeneous.
Each model for particle polarizability has its strengths and weaknesses. Table 4.1 outlines
conditions and parameters for each dipole polarizability model assuming a homogeneous refractive
index of 1.00. Maximum radius was determined by the point at which the model deviated away
from the exact Mie theory. Quasistatic and MLWA approximations began to have a dipole peak
that was not only located at the wrong wavelength, but had an amplitude that is inconsistent. For
the Mie based polarizability, above about 100 nm the quadrupole mode became apparent and the
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Table 4.1: Comparison of Polarizability Models
Maximum Radius Limit (for Au) LSPR Shifting with
Increasing Particle
Radius
Particle Shape
Quasistatic < 25 nm No shifting Ellipsoidal
MLWA < 50 nm Exaggerated
redshifting
Ellipsoidal
Mie Based < 100 nm Agreement with
exact Mie theory
Spherical
dipole approximation was no longer sufficient to give effects of higher order electric modes. An
important consideration for the polarizability model is that the imaginary component of α should
be non zero. Optical theorem dictates this must be true for particles that scatter light away from
the incident beam. The existence of the imaginary component of α caused the oscillation of the
dipole to have slightly less energy than the incident wave [51].
Comparisons between each polarizability model and the exact Mie solution are given in
Figure 4.2. In this figure, the quasistatic, its modified long wavelength approximation, and the Mie
based polarizabilities were compared at two different radii. Incident wavelength values were from
300 to 900 nm for a single Au particle in vacuum. Particle radii for comparison in Figure 4.2 were
(a) 25 and (b) 80 nm. For 25 nm, each of the three polarizability models were within 20% of Mie
theory for their calculated spectra. The model that more closely followed Mie theory was αMie.
Each model placed the dipole LSPR at a wavelength of about 505 nm. As particle size increased
to 80 nm, it became clear that each model varied dramatically from each other. Once again, the
quasistatic polarizability, αquasi, placed the LSPR at about 505 nm. The MLWA, αMLWA, placed the
resonance peak at about 615 nm. Mie theory and the Mie based polarizability, αMie, each placed
the peak at a value around 560 nm.
Differences between Mie theory and the αMie model in the 300 to 500 nm range was due to
the dipolar nature of the polarizability, αMie. Mie theory included contributions from higher order
electric scattering modes (i.e. quadrupole, hexapole, etc.) which increased the value of extinction
in this range of incident light. It was observed that the quasistatic approximation for this size of
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Figure 4.2: Comparison of each polarizability model with wavelength from 300 nm to 900 nm for
an Au particle in vacuum. The quasistatic, its MLWA, and the Mie based polarizabilities along
with the full Mie theory predictions are displayed.
particle placed the peak amplitude and location too low and its MLWA placed them too high. Since
the αMie polarizability followed Mie theory so closely, it was used for the calculation in this thesis
for spherical particles. Deviations from spheres and the corresponding effects will be discussed in
Chapter 5.
4.5 Quadrupole Approximation to Dipole Polarizability
All polarizability models from the previous section are scalar quantities that assume only
dipole scattering. Extending the range of maximum particle radius using the αMie model was pos-
sible by treatment of higher order scattering modes as dipolar. This section describes the process
and compares the results to both Mie theory for single particles and FDTD for arrays. It was ob-
served that while several higher ordered terms could be used for the single particle case only the
quadrupole term could be used in the case of interacting particles in the square array.
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4.5.1 Quadrupole Addition
The same method used previously to determine the dipole polarizability was used to extend
Equation 4.4.18 to include quadrupole effects. This method gave an extended polarizability of
αext =
3iR3
2x3
a1 +
10iR3
3x3
a2. (4.5.1)
It should be noted that αMie is a dipole polarizability with an extended quadrupole term. Units
for the quadrupole portion of Equation 4.5.1 should be proportional to x−5 for a true quadrupole
term. However, to use appropriate electric field units x−3 were used. It will be shown later in this
section that the above was accurate for capturing the quadrupole extinction peak for certain ranges
of particle radius.
Equation 4.5.1 can be expanded even farther to give an expression for higher order terms.
Using the same approach as above, this was rewritten in the form
αext =
N∑
n=1
n(2n+ 1)iR3
(n+ 1)x3
an (4.5.2)
where n is the integer electric mode (n = 1 for dipole, n = 2 for quadrupole, etc.) and N is the
maximum electric pole considered. Figure 4.3 shows a plot for a single Au particle using the rsa-
CDA (defined in Section 4.1.2) with a radius of 200 nm embedded in a refractive index (RI) of 1.00.
While this is outside the dipole limit, the dipole polarizability was capable of accurately capturing
the extinction contributions from all electric modes shown by the full Mie theory solution. The
figure has labeled the dipole (peak located beyond the 1000 nm x-axis limit), quadrupole (635 nm),
and hexapole (540 nm) modes. Values given were from the αMie model. N was set to 4 in the figure,
but modes above hexapole were not visible for this particle size. The αext model placed the dipole
extinction slightly below that of the exact Mie theory with a slight over exaggeration of the higher
order poles. The αMie model showed only the dipole mode with no extinction contributions from
higher order modes. Equation 4.5.2 was used when extinction from infinite arrays was calculated;
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Figure 4.3: Comparison of extinction calculated using Mie theory and the rsa-CDA with higher
order extension for a 200 nm Au particle in vacuum.
however, the value for N was limited to 2. This limit was due to the radiation patterns of higher
order electric modes as described next.
4.5.2 Quadrupole Radiation
Each electric mode (i.e. dipole, quadrupole, hexapole, etc.) displays different scattered
radiation patterns. These patterns follow from Mie theory and can be described using vector spher-
ical harmonics. Differences in the patterns imply that electric modes above that of a quadrupole
do not have far-field radiation in the plane of particles when the excitation light is orthogonal to
the plane of particles. As such, it is not possible to treat modes above the quadrupole as dipolar
in the case of interacting particles. Figure 4.4 shows the radiation patterns for an electric dipole
(a) and quadrupole (b). Each plot is representative of the patterns observed for polarization along
the x-axis and k vector perpendicular to the plane of particles.The figure demonstrates that dipoles
did not scatter in the direction of their dipole moment (xˆ direction) while quadrupoles exhibited
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Figure 4.4: General radiation patterns for an electric (a) dipole and (b) quadrupole using vector
spherical harmonics [52].
similar patterns rotated by pi/2 radians. That is, dipole and quadrupole radiation were proportional
to sin2 θ and cos2 θ, respectively. Since the square array had pi/2 rotational symmetry as well, the
quadrupole radiation was simplified by expressing it as a dipole.
4.5.3 Quadrupole Justification
The additional quadrupole term to the dipole polarizability was compared with well know
limiting cases for single particles in 2D arrays. Mie theory gives the exact extinction for single par-
ticles of higher order electric modes and FDTD provides extinction spectra for arrays of particles
large enough to hold the quadrupole mode. Figure 4.5 compares extinction results from a single
Au particle in vacuum with a radius of (a) 110 nm and (b) 150 nm. The results from Mie (dash) in-
cluded all electric modes of significance in the range of incident wavelength. The rsa-CDA (solid)
solution used the extended quadrupole polarizability (Equation 4.5.1). Both quadrupole and dipole
peaks for Figure 4.5 (a) appeared at wavelengths of about 510 and 660 nm, respectively. As parti-
cle radius was increased, each peak shifted by 31 and 193 nm, respectively, as seen in Figure 4.5
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Figure 4.5: Comparison of extinction spectra calculated using Mie theory (dash) and the rsa-CDA
with quadrupole extension (solid) for a single Au particle of (a) 110 and (b) 150 nm radius in
vacuum [52].
(b). An increase of significance of the quadrupole peak and a broadening of the dipole peak was
also observed as the particle size was increased. The quadrupole peaks in Figure 4.5 did not appear
absent the quadrupole term in Equation 4.5.1. Agreement between the exact Mie theory and the
αext approximation gave credence to the approximation of quadrupole scattering as dipolar in the
single particle case.
Comparison of the quadrupole extension was also performed using FDTD for a square array
of Au particles. Figure 4.6 shows the rsa-CDA and FDTD extinction spectra for an infinite array for
Au particles in vacuum with a radius of 110 nm and a lattice constant of 670 nm. Both plots were
normalized by their maximum extinction to facilitate comparison. The primary extinction peak for
each plot was located at 710 and 712 nm, respectively. The observed redshift of the coupled peak
from the lattice constant will be discussed in Section 5.2.
Two main differences occurred between the results of the FDTD and rsa-CDA simulations.
The first difference was the diffraction peak located at approximately 500 nm. This peak was
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Figure 4.6: Comparison of extinction spectra for an array of particle using FDTD and rsa-CDA
with quadrupole extension with a radius of 110 nm and a lattice constant of 670 nm [52].
caused by the half-diagonal diffraction, D
√
2/2, and did appear in both plots. However, the rsa-
CDA with the quadrupole extension slightly exaggerated this peak. This was most likely a result
of treating the quadrupole mode as dipolar. Analogous to the coupled peak, the half-diagonal peak
was redshifted fromD
√
2/2. This was again due to the coupling of the plasmon with the diffracted
light.
The second difference appeared when larger particles were considered. The rsa-CDA
yielded an extinction value of 0 at incident wavelength values of
λ =
rij
n
(4.5.3)
where rij is the distance between the ‘center’ particle and its next nearest neighbor along a given
line and n is an integer. This zero-valued extinction was due to divergences in the formulation of
the retarded dipole sum. For the plots in Figure 4.6, this occurred at 670 and 473 nm. In contrast,
the FDTD solution showed a second peak located at 670 nm. As particle size increased, magnitude
of this peak became larger. At a radius of 170 nm, the magnitude of this second peak became
larger than the coupled peak (data not shown). The coupled peak between the two simulations
were within a few nm’s, but the second peak at the lattice constant cannot be ignored for particles
larger than about 120 nm radii. From this difference, it was seen that these two methods were
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comparable for particle radii up to approximately 120 nm.
The agreement between rsa-CDA and FDTD was greater when the quadrupole extension
was used as opposed to the pure dipole part. When the same parameters from Figure 4.6 were used
without the quadrupole extension, it was seen that the coupled peak had about half the amplitude
and four times the full width at half max (FWHM). Since the emphasis of this thesis was on the
coupling interaction of the main axial coupled peak, the greater agreement in the coupled peak
for the quadrupole extension was preferred over the greater accuracy for the half-diagonal peak
seen with the dipole term alone. As particle size decreased, differences between spectra with and
without the quadrupole term diminished. Models developed in this chapter were used to generate
the figures and results in the next chapter.
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Chapter 5: Polarizability in Arrays
The rapid semi-analytic coupled dipole approximation (rsa-CDA) for a square array as
defined in Chapter 4 was used to examine the extraordinary extinction peak from constructive
coupling of surface plasmons with diffracted light. Identify and description of the coupling mech-
anism of nanoparticles in a square array was evaluated using large scale parametric changes in
lattice constant and particle radius. These changes were examined with respect to the different par-
ticle polarizability models described in Chapter 4. It will be shown in this chapter that the location
and amplitude of the coupled peak is directly related to the magnitude of the imaginary component
of α.
5.1 Polarizability Model
The coupled diffraction peak is located at a value redshifted from the particle separation due
to the particles inability to respond instantaneously to the incident electromagnetic wave. This can
be seen by examination of the imaginary component of particle polarizability (see Equation 4.1.10
for the extinction efficiency proportional to the imaginary component of particle polarizabilty),
which is responsible for the scattering and attenuation of the incident wave. Larger polarizability
amplitudes are indicative of the ability of conduction electrons to respond to changes in the external
electric field. In general, this increases with particle size due to the larger number of available
electrons. However, alternating electric fields (i.e. EM radiation) and particle shape also have
influence on polarizability.
The imaginary component of single particle polarizability for Au particles using the αext
model is shown in Figure 5.1. Incident wavelengths of 350 to 900 nm and particle radii from 25
to 80 nm (a) and 50 to 250 nm (b) were used to generate the images. Note that the maximum
amplitude for (b) was about an order of magnitude larger than that of (a). The solid and dashed
lines in Figure 5.1 (b) follow the maxima for the dipole and quadrupole modes respectively. Each
line redshifted with a decreasing slope as particle size increased. Due to the spherical shape of
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Figure 5.1: Color gradient corresponds to the magnitude of the imaginary component of particle
polarizability, αext, for an Au particle with radii ranging from (a) 25 to 80 nm and (b) 50 to 250
nm and incident wavelength from 350 to 900 nm [52].
the particles, there were certain frequencies of incident EM radiation that produced a greater po-
larizability at a given particle radius. As the particle size increased, this was given by different
electric modes from spatiotemporal perturbations of the electric field inside the particle. The result
was dipole, quadrupole, and larger electric modes. However, as described in Section 4.5, only the
dipole and quadrupole modes were calculated and used in the model.
Polarizability plots for Ag and Cu are given in Figure 5.2. Particle radii and incident wave-
length values were the same as Figure 5.1 (a). Cu (a) showed a more broad and redshifted LSPR
compared with Au while Ag (b) showed the quadrupole mode appeared at an incident wavelength
of about 375 nm and began at a particle radius of 50 nm. Conversely, the quadrupole resonance
for Au was apparent for radii starting at about 110 nm. Furthermore, extinction spectra for a
given particle radius followed the particle polarizability plot. As an example, reexamine Figure
4.5 (a) which showed a single Au particle with radius 110 nm compared to Figure 5.1 (b). The
quadrupole and dipole peaks for both the extinction efficiency and the polarizability occur at values
of 510 and 660 nm, respectively. As polarizability increases and decreases in magnitude, so does
the magnitude of extinction. The more polarizable the particle is, the more able the electrons are
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Figure 5.2: Color gradient corresponds to the magnitude of the imaginary component of parti-
cle polarizability, αext, of (a) Cu and (b) Ag with particle radii from 25 to 80 nm and incident
wavelengths from 300 to 900 nm.
to responding to changes in the incident electromagnetic field.
Particle polarizability served as a more useful indicator of plasmonic behavior than did the
dielectric values alone, which is normally cited as the cause of the plasmonic behavior. Plasmonic
behavior occurred when the denominator of Equation 2.4.11 tended to zero. This can only happen
with a negative dielectric function. Furthermore, this value changed for different electric modes
given by the index, n. Also, as particle size increases, the complex polynomial wn diverges from
unity. This produced a change in the exact dielectric value that caused plasmon resonance to occur,
shifting the LSPR to differing values of incident wavelength. Particle polarizability takes this into
account and becomes a predictor of plasmonic behavior for a given dielectric function.
For infinite square arrays of spherical nanoparticles, the extraordinary coupled peak is a
result of coupling the diffracted photons and localized plasmons. This coupling is strongest when
the wavelength of the photons correspond to values near the particle’s LSPR. That is, when the
lattice constant is at values of large particle polarizability. The polarizability figures in this section
gave a “window” of increased polarizability corresponding to the dipole or quadrupole electric
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modes. This “window” (which began at 500 nm incident wavelength for Au as seen in Figure
5.1 (a)) allowed far field scattering which gave rise to lattice constants that allowed for such con-
structive coupling to occur. This window can extend for hundreds of nanometers beyond the LSP
wavelength. These figures will be used in throughout this chapter to describe the strength of con-
structive and destructive coupling to give the extraordinary extinction peak.
5.2 Polarizability Modulates Coupled Peak Location
Two mutually exclusive examples are given in this section: Changes in particle separation
and size. These results also depend on the material composition and shape, however, the basis
of understanding the fundamental interactions between plasmonic particles organized in periodic
lattices is found to be particle polarizability. As such, the descriptions in this thesis will be on
Au spheres unless otherwise indicated. Changes in shape and composition alter the oscillations of
electrons in the nanoparticle which effectively change the particle polarizability.
5.2.1 Particle Separation
Far-field radiative coupling in square arrays of nanoparticles is highly dependent on the
lattice constant [52]. The distance between a pair of particles is given by the expression
D
√
m2 + n2 (5.2.1)
where D is the lattice constant while m and n are integer values indicating the x and y respective
position of the second particle with regard to the lattice elements. With respect to some arbitrary
“center” particle, each lattice element is denoted {m,n}. Particles labeled in this manner are
shown in Figure 5.3. Here, each particle equidistant from the ‘center’ black particle is labeled
by its integer valued lattice location. Particles along the x-axis are not labeled since they do not
contribute to the far-field coupling effects even though they are equidistant with corresponding y
oriented particles. Figure 5.4 shows the coupled peak location of a square array of Au nanoparticles
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Figure 5.3: A square array of particles with different excitation modes labeled. The ‘center’ particle
is denoted as black [52].
with a radius of 65 nm and lattice constants ranging from 540 to 700 nm (shown as dotted line in
figure). Individual extinction spectra for lattice constants of 500, 525, 550, and 575 nm are shown
in the inset. These spectra were smoothed using MATLAB’s built in Savitzky-Golay smoothing
function with 15 data points. The actual coupled peak location was slightly redshifted from the
lattice constant due to the coupling of the diffracted light with the particle LSPR. The redshift was
larger for lattice constants in the 540 to 560 nm range and slowly converged to the value of D as
lattice constant was increased. This can be explained by examination of the particle polarizability
given by Figure 5.1.
Comparison of Figures 5.4 and 5.5 (the same as Figure 5.1 (a) with an added white line
indicating the particle radius of 65 nm) showed that the largest redshift of the coupled peak from
the lattice constant was in regions of respectively higher polarizability. A 65 nm nanoparticle
has its LSPR in the incident wavelength range of 540 to 560 nm. As the incident wavelength
increased past this point, the imaginary component of particle polarizability decreased. Since the
imaginary component of the particle polarizability is related to the attenuation of the wave as it
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Figure 5.4: Coupled peak location for an array with a particle radius of 65 nm and a lattice constant
ranging from 500 to 700 nm [52].
passes through, it was intuitive that the larger magnitude of polarizability would lead to a larger
redshift. This is illustrated by the dotted line in Figure 5.4 indicating the 1:1 correspondence in
lattice constant and peak location. Peak location converged towards the dotted line in the figure as
polarizability decreased.
The source of the coupling which generated the extraordinary extinction peak was the
wavelength dependent particle polarizability. Changes in lattice constant changed the wavelength
of diffracted light that constructively coupled to neighboring particles. Since particle polarizability
is wavelength dependent, changes in incident light corresponded to different polarizability values,
which governed the amount of redshift in the coupled peak location compared to the lattice con-
stant. Similar dipole models used to characterize square and rectangular arrays produced similar
results [32, 54, 55]. Thus, enhanced polarizability increased the energetic interactions between the
scattered photons and localized plasmons, which redshifted the coupling wavelength with respect
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Figure 5.5: Same as Figure 5.1 (a) with a white line following a 65 nm radius particle.
to lattice constant.
Full width at half max (FWHM) values were also changed in value with respect to the lattice
constant. Coupling of scattered photons with the plasmons created a broad coupled peak when the
frequencies were in resonance. This was due to the broad line shape of the LSPR peak for single
particles as seen in Figure 4.5. As the lattice constant (i.e. incident wavelength) increased away
from the LSPR, FWHM decreased and the peak became more sharp as indicated by the inset. This
same pattern was seen for different particle sizes as well (data not shown). A set lattice constant
with varying particle radius produced similar results as shown next.
5.2.2 Particle Radius and Quadrupole Region
Location of the coupled peak shifted as the particle radius was changed with a single valued
lattice constant for the square array. Figure 5.6 displays the coupled peak location for an array with
a lattice constant of 550 nm and particle radii ranging from 50 to 275 nm. Though this is far outside
of the range of the dipole approximation, that larger radii were used to detect a consistent pattern
throughout. Extinction spectra for simulations for particle radius of 50, 100, 150, 200, and 250
nm are shown in the inset. Small particle sizes around 50 nm for this particular separation gave
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Figure 5.6: Displays (a) coupled peak location for an array with lattice constant of 550 nm and
particle radii from 50 to 275 nm and (b) individual spectra for select arrays with particle radius
indicated in the graph[52].
a coupled peak that was only redshifted from the lattice constant by about 6 nm. As the size of
particles was increased, this lag follows a sigmoidal pattern which monotonically increased until
radii of about 225 nm. In the range of radii from 50 to 100 nm, the increase was nearly linear.
From 100 till 130 nm the peak location became temporarily stagnant. It then followed a parabolic
pattern from 130 to 275 nm with a maximum redshift occurring at about 225 nm. These patterns
are explained once again by examination of the particle polarizability.
The amount of redshift in Figure 5.6 was considered with respect to the magnitude of polar-
izability given in Figure 5.1 (b) (reprinted as Figure 5.7 with the coupled peak location superposed
onto the polarizability plot as a white line). As particle size increased from 50 to 100 nm in the
incident wavelength range of 560 to 610 nm, particle polarizability increased as well. This in-
crease was associated with the dipole mode. Particle polarizability became nearly stagnant for
radii between 110 and 130 nm at a wavelength of 615 nm, corresponding to the overlap region
of the dipole and quadrupole modes. The remaining parabolic increase and then decrease again
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Figure 5.7: Same as 5.1 (b) with a white line indicating the location of the coupled peak with a
given particle radius as seen in Figure 5.6.
followed the polarizability magnitude. This “hill” which is maximized at (225,655) corresponds
to the quadrupole mode in polarizability which had a maxima in the same region. From this cor-
respondence, it was concluded that the redshift of the coupled peak away from the lattice constant
followed the gradient of the particle polarizability. Interestingly, the coupled peak values with the
largest amplitude came from radii where the contributions from dipole and quadrupole were equal
(the 110 to 140 nm range). This has also been seen experimentally in [56].
5.2.3 Divergence of the Retarded Dipole Sum
Independent of the particle polarizability, but equally important in the discussion of peak
location, is the retarded dipole sum given by Equation 4.1.8. This sum diverged at wavelengths
equal to the lattice constant multiplied by the refractive index (here, 1.00). Namely, the divergence
occurred at
λ = D · ηo. (5.2.2)
This can be seen in Figure 5.6 (b). Extinction for the 100 nm and above radii arrays all went to
zero at incident wavelengths of 550 nm. The 50 nm radius array did not because the single particle
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LSPR was near that value and the particles were too small for far-field constructive interference
to have a significant effect. Smaller and larger FWHM as discussed previously in this section was
due to this phenomenon. For particles large enough that their extinction is dominated by scattering
(about 44 nm radius for Au), the coupled peak is begins at wavelengths given by Equation 5.2.2,
so long as this wavelength is larger than the LSP wavelength. The greater the redshift of the peak
location, the larger the FWHM was. Decreases in the particle polarizability decreased the redshift
and placed the peak location closer to the base, hence, a smaller FWHM.
5.3 Polarizability Modulates Coupled Peak Amplitude
Particle polarizability shown in the figures of Section 5.1 was utilized in this section to
evaluate the effect of polarizability on the amplitude of the coupled peak. Figure 5.8 shows a
surface plot for maximum extinction magnitude for simulated arrays with varying particle radii and
lattice constants. Dielectrics considered were (a) Au, (b) Cu, and (c) Ag. Particle radii evaluated
were between 25 and 80 nm, corresponding to the dipole region for Au. Lattice constants were
chosen for values near and greater than the LSPR wavelength indicated by the individual particle
polarizability. These values were 500 to 750 nm for Au, 550 to 750 nm for Cu, and 350 to 650
nm for Ag. Each meshpoint was truncated at an extinction value of 100 to capture more than
a few very large values and allow analysis of trends in changing extinction patterns. Vertical
columns correspond to a set lattice constant with varying particle radius. Horizontal rows show a
constant particle radius with varying lattice constant. Each meshpoint shows the maximum value
for extinction over the incident wavelength range of 300 to 1000 nm. For example, an array of
63 nm radius particles spaced at 600 nm had a maximum extinction of 138 (data not shown)
occurring at a peak location of 607 nm. Off-axial/diagonal (OAD) elements (see Section 4.1.2 for
an explanation of terms) were truncated using a 201×201 array. The rapid semi-analytic Coupled
Dipole Approximation (rsa-CDA) allowed a resolution of 1-nm for each particle radius, lattice
constant, and incident wavelengths. Greater resolution could have been used, but the large number
of data points generated (>9 million for the resolution used) became cumbersome for the computer
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Figure 5.8: Plots showing the maximum extinction amplitude in spectra for arrays of nanoparticles
over ranges of lattice constant and particle radius for (a) Au, (b) Cu, and (c) Ag. Incident wave-
lengths for each spectra were from 300 to 900 nm. First, second, and third, label the diagonal lines
of high extinction [52].
memory to handle for a single image. The refractive index of the homogeneous medium was
chosen to be vacuum (1.00).
Each plot indicated a minimum or limiting particle radius and lattice constant to achieve
EM coupling. These minimum particle radii were approximately 25 nm for Ag, 44 nm for Au,
and 47 nm for Cu, and 550 for Au, 560 for Cu, and 375 for Ag. Comparison of each limiting
radius with Figures 5.1 and 5.2 indicated that the same value of polarizability was responsible for
the inability of smaller particles to couple together in the far-field region. A polarizability value
of approximately 1×105 in the range of incident light that gave the coupled peak was found to be
needed for coupling to occur, which was the maximum for a given radius. Mie theory for particles
below these radii showed the major contribution for extinction was absorption. This implies little
scattering is done by particles below the limiting radius, which does not allow far-field coupling
to occur. The limiting lattice constant was related to the maximum of the dipole plasmon mode.
This was in agreement with Drude’s expression for the dielectric function given in Equation 2.3.19.
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Wavelengths greater than the LSP wavelength were scattered and absorbed (extinction) while those
below the LSP wavelength tended to pass through the particles.
Repeating diagonal lines of maximum extinction amplitude were seen for each dielectric
used in Figure 5.8. These lines indicated geometric specifications that allowed constructive cou-
pling between far-field scattering elements in the array and the near-field LSPR. Each diagonal
line corresponded to a discrete, isometric value of particle polarizability. It was observed that each
diagonal line followed a path of approximately zero gradient or the contour of the polarizability
plots given by Figures 5.1 and 5.2. For example, the lowest diagonal line in Figure 5.8 (a) passed
the meshpoints with a particle radius of 50 nm and a lattice constant of 596 nm (i.e. the point
(596,50)). The coupled peak for this particular meshpoint occurred at a wavelength of 599 nm.
The lowest diagonal line also passed through the meshpoint (693,60) with a coupled peak location
of 696 nm. Comparing this to Figure 5.1, the points (599,50) and (696,60) gave nearly isometric
polarizability values of 0.5694×105 and 0.5619×105 respective. This was intuitive since an in-
crease in particle size will redshift the coupled peak, requiring an increase in lattice constant to
remain within the same polarizability value. However, why these particular polarizability values
correspond to increased coupling is unknown.
This same trend is seen in Cu and Ag. Isometric polarizability values for the lowest di-
agonal lines in Cu and Ag are approximately 0.582×105 and 0.566×105, respectively. Table 5.1
displays the isometric polarizability values for the lowest three diagonal lines for Au, Cu, and Ag
in the form of average plus/minus the standard deviation. The lowest line is denoted ‘First’ and
the next two lines up follow numerically. Ag displays a diagonal line at smaller radii that does
not appear in either Au or Cu and has thus been termed the ‘Zero’ line. Notice that each diagonal
line corresponds to approximately the same isometric polarizability value. Isometric values for Cu
and Ag are approximately 1% greater and 2% smaller as compared to Au, respectively. This is in
agreement with the red- and blueshifted LSPR peaks for Cu and Ag particles as compared with the
same sized Au particles respectively.
Furthermore, Ag also showed quadrupole significance for larger particle sizes. Figure 5.8
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Table 5.1: Polarizability values for diagonal lines in each dielectric. All values are to the order of
105.
Zero First Second Third
Au − 0.58±0.05 1.32±0.09 1.92±0.05
Cu − 0.58±0.04 1.41±0.07 1.97±0.04
Ag 0.22±0.02 0.55±0.05 0.97±0.06 1.28±0.09
(c) gives a region of high extinction for separations of 350 nm and particle radii near 80 nm. This
particle separation was lower than the dipole LSPR and thus should not have allowed a coupled
peak to be present. However, the imaginary component of the Ag polarizability seen in Figure 5.2
(b) indicating the quadrupole resonance mode was located in this region. It is unclear whether this
coupling a due to treatment of the quadrupole polarizability term as dipolar or if the approximation
is valid and the quadrupole mode was capable of supporting a coupled diffraction peak. Inasmuch,
the coupled peak for these smaller lattice constants was attributed to coupling of diffracted light to
the quadrupole mode.
Ongoing and future work is planned to study the amplitude variations for various para-
metric changes. Increased wavelength resolution, refractive index changes, and shape dependence
simulations are in process of being prepared for publication. These simulations will yield lattice
constant and particle radius combinations that are capable of producing the extraordinary coupled
peak for a variety of system parameters. It is hypothesized that the square geometry is the main
factor for the the amplitude variations due to constructive and destructive interference patterns. For
titles of manuscripts in preparation see Appendix G.
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Chapter 6: Conclusion
The goal of this thesis was to verify the hypothesis that particle polarizability is a predictor
in the coupling interaction between dipoles amplified by coupling of diffracted light of scattering
elements on the individual particle localized surface plasmon resonance (LSPR). Lattice elements
in an ordered square array separated at distances greater than the single particle LSPR wavelength
couple together to produce an extraordinary peak in the extinction spectra. Location and amplitude
of this coupled peak was determined by the magnitude of particle polarizability as described in
Chapter 5. Comparisons of various plasmonic metals showed that the results are consistent when
considering a given dielectric.
Three main results for square arrays of nanoparticles were presented in the thesis. The
first result was an extension to the dipole model for particle polarizability and exploration of the
effects of particle polarizability on the location and intensity of the coupled peak. This extension
included a scalar quadrupole term and identified ranges in which this approximation is valid. It was
capable of capturing more accurate extinction spectra generated by single particles and coupling
effects through square arrays as compared to the non-extended pure dipole term. A comparison
of different polarizability models was presented and applications of their use was described. The
quadrupole extension was based on Mie theory for scattering dielectric spheres. An increase in the
limit of particle radius for the coupled dipole approximation was seen with the extension.
Secondly, variations in the coupled peak were shown to correspond to the gradient of parti-
cle polarizability. Ordered arrays of nanoparticles experienced far-field electromagnetic coupling
of diffracted photons with particle plasmons. Periodic variations in the geometry of arrays of
nanoparticles caused modulations in the location and amplitude of this coupled peak. Location
of the coupled peak was always redshifted from the lattice constant. The amount of redshift was
determined by examination of the single particle polarizability. A larger value for particle polar-
izability produces a greater redshift of the coupled peak. This result was consistent for variations
in particle radius as well as lattice constant. Similarly, the well characterized redshifting of this
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coupled peak for increases in local refractive index was presented in accordance with an increasing
polarizability.
Thirdly, increased amplitude of the coupled peak for specific geometric configurations
tended to follow the contour of particle polarizability. These lines indicated “states” of polariz-
ability where contributions from all particles constructively overlapped. The oscillatory pattern
was observed to be present in several dielectric functions, albeit at different values.
Future work can be done to utilize and expand upon the results in this thesis. Fabricated
arrays with dimensions corresponding to optimized values can be created to test the predictions of
the coupled dipole approximation. Arrays can be marketed for sensing platforms once optimized
for various environmental situations. Further understanding of effects from changing environment
refractive index can be done in two ways. First, expansion of the effective polarizability model to
include layered media can be done. Second, performing more simulations and exploration of the
results observed in the periodic diagonal lines of isometric polarizability for increasing refractive
index can be done.
This research gives direction for improving the fabrication specifications for various ap-
plications. Detection of changes in location and amplitude of the coupled dipole peak gives an
increase in sensitivity of local environment changes over the single particle LSPR. Polarizability
values can be targeted in the fabrication process to design optimized sensing platforms. However,
the impact of the results is not limited to sensing. Solar cells can be fabricated with embedded
nanoparticles to scatter and absorb more light, increasing the efficiency therein. Greater under-
standing of the plasmonic interactions guide experiments and lead to insights that has an impact
on society as a whole.
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Appendix A: Description of Research for Popular Publication
Imagine a world where diseases and viruses can be instantaneously identified. Where an-
thrax attacks are detected at the first sign of infiltration. Where Alzheimer’s is detected early
enough to slow the progress and better equip those diagnosed. These things may become reality
sooner than we think. Utilization of nanoparticles is becoming an integral aspect of modern so-
ciety. Nanoparticles are utilized in solar cells, disease diagnostics, national security, and product
purity. In particular, chemical sensing platforms which are based in nanoparticle arrays shows
promise in improved sensitivity to detect analytes early. As such, improvements of sensors of this
type have immediate applications in the said areas. This produces a need for improved limit of
detection, miniaturization, and sensitivity.
At the University of Arkansas, Masters student Drew DeJarnette, under the direction of
Dr. Keith Roper recently theorized that nanoparticles ordered in specific arrangements produce
an extraordinary spectral response. This enhancement gives the basis for sensing platforms using
nanoparticles ordered in square arrays. At specific particle sizes and separations, the particles can
couple together to create a spectral feature that is highly sensitive to the environment surrounding
the particles. Light that is shone on a particle is scattered away towards the other particles around it.
When these specified distances are between the particles, the scattered light from various particles
is in phase, allowing constructive interference to amplify the electric field around each individual
particle. This coupling is the source of the extraordinary spectral feature. DeJarnette said, ”This
is incredibly exciting field of research. As soon as we think we have something figured out, new
results challenge our ideas and we have to rethink the entire process!”
The next step is to create arrays of nanoparticles with the dimensions postulated by the
research team to determine the validity of the results. If these results prove true, advancements in
the fabrication process will allow sensors to be optimized based upon the materials used to create
the array for different applications. Since the various applications require use of differing mate-
rial, the applicability of these results are universal to each application of nanoparticle integration.
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Figure A.1: Constructive and destructive interference
patterns of light diffracted from ordered nanoparticles.
DeJarnette said, ”I would also like
to improve the model to increase the ac-
curacy of the predicted particle configu-
rations.” The team found a way to easily
incorporate complicated quadrupolar in-
teractions in the dipole model. ”I hon-
estly did not think it was going to work,
but the results show seemingly better ac-
curacy than some more complicated mod-
els.” Normally the range of particle sizes
the model can make predictions for in lim-
ited by the dipole nature of the computa-
tion. However, this extension allows larger particle sizes to be simulated and increases the accuracy
of results for smaller particles. The team would like to incorporate layered media in the model so
that the substrate of the array can be more accurately simulated to increase the accuracy of the
models predictions. Once these configurations are confirmed, a new generation of sensors can be
made with a wider range of applicability to other systems as well.
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Appendix B: Executive Summary of Newly Created Intellectual Property
The following list indicate newly created intellectual property items.
1. An extension to the exact dipole polarizability has been created for use in this research.
2. Identification of isometric polarizability values were found to correspond to increased cou-
pling in ordered arrays.
3. Method to predict optimized array parameters and material for specific sensing purposes.
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Appendix C: Potential Patent and Commercialization Aspects of listed Intellectual Prop-
erty Items
C.1 Patentability of Intellectual Property
Potential patentability of the three items listed in Appendix B were considered. It was
determined that neither item has the potential to be patented. This is described for each intellectual
property item below.
1. The extended polarizability model is based off an already existing model of particle polariz-
ability. This item does possess the possibility of being patented.
2. Observation of a phenomenon from using the coupled dipole approximation does not consti-
tute a patentable item.
3. A method is and can be patented.
C.2 Commercialization Prospects
Of the three newly created intellectual property items listed in Appendix B, only item 3 has
patent potential. This could be a new method for analyte detection, if experimental observations
validate the prediction.
1. This is an expression for polarizability and it is in the authors desire to have others use this
result in their research if applicable and not to have this item patented.
2. Not patentable (see C.1 #2).
3. A method is patentable, however, it is unclear as to the physicality of this method since the
phenomenon has not been documented experimentally and it is not deemed to patent at this
time.
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C.3 Possible Prior Disclosure of IP
1. The extended polarizability model has been published by me as primary author in JOSA B
in January, 2012.
2. This phenomenon has been published by me as primary author in JOSA B in January, 2012.
3. This method has been published by me as primary author in JOSA B in January, 2012.
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Appendix D: Broader Impacts of Research
D.1 Applicability of Research Methods to Other Problems
Results of this thesis can be applied to other research areas outside of a more complete
understanding of plasmonic interactions. Computational electrodynamics uses the coupled dipole
approximation and similar models for a variety of applicable fields. For example, changing the
shape of particles and integrating them into photo voltaic cells could aid in light trapping to capture
more sunlight and increase efficiency therein.
D.2 Impact of Research on U.S. and Global Society
Label free analyte detection and increased sensitivity yield applications in the medical field.
Early detection of disease is important and aids in treatment. Inexpensive, miniaturized sensing
platforms could be used as portable devices to take to developing countries. Limited training to
use such devices would make these sensors approachable for a variety of users around the world.
At the same time, the increased sensitivity of the ordered arrays also have use in hospitals when
diagnosing various ailments, including cancer.
D.3 Impact of Research Results on the Environment
No known adverse consequences to the environment are known from the computational
analysis of nanoparticles arrays. Research is ongoing to determine environmental repercussions of
nanomaterials of varying chemical composition released in the environment, but the author does
not have any knowledge of metallic nanoparticles harming the environment.
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Appendix F: Identification of All Software Used in Research and Thesis Generation
Computer #1:
Model Number: Dell Optiplex 980,
Serial Number: 3VNZPN1
Location: BELL 2222
Owner: Drew DeJarnette
Software #1:
Name: Matlab 7.11.0 (R2010b)
Purchased by:UA Chemical Engineering Dept.
Software # 2:
Name: Adobe Illustrator CS5
Purchased by: University of Arkansas Site License
Software # 3:
Name: Adobe Photoshop CS5
purchased by: University of Arkansas Site License
Computer # 2:
Model Number: Dell Latitude E5510
Serial Number: 9GJB8L1
Location: Laptop
Owner: Drew DeJarnette
Software # 1:
Name: MiKTeX 2.9
Purchased by: Drew DeJarnette
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Appendix G: Publications Published, Submitted, and Planned
Publications published and conferences presented at.
• D. DeJarnette, B. Harbin, and D. K. Roper, Geometric Effects on Far-Field Coupling Be-
tween Multipoles of Nanoparticles in Square Arrays, J. Opt. Soc. B, 29, 88-100, (2012).
• D. DeJarnette, Geometric Effects on Far-Field Coupling Between Multipoles of Nanoparti-
cles in Square Arrays, American Institute of Chemical Engineers [Annual Meeting], Min-
neapolis, MN, 18 October, 2011.
Book Chapter Accepted
• D. K. Roper, P. Blake, D. DeJarnette, and B. Harbin, Plasmon coupling enhanced in nanos-
tructured chem/bio sensors, Nano-Plasmonics: Advanced Device Applications. James W.
M. Chon and Kris Iniewski. (2012).
Publications Submitted
• D. DeJarnette, J. Norman, and D. K. Roper, Spectral Patterns Underlying Polarization-
Enhanced Diffractive Interference are Distinguishable by Complex Trigonometry, App. Phys.
Lett.
Publications Planned
• D. DeJarnette, J. Norman, and D. K. Roper, Increased resolution of incident wavelength
improves results from coupled dipole approximation, (In preparation).
• D. DeJarnette,J. Norman, and D. K. Roper, Medium Dielectric Differentially Affects Refrac-
tion and Polarization in Far-Field Coupling Between Multipoles of Nanoparticles in Square
Arrays, (In preparation).
• D. DeJarnette and D. K. Roper A review of plasmonic interactions for ordered nanoparticle
arrays, (In preparation).
I also intend to author manuscripts with results from particle shape effects on interaction en-
ergy in square arrays as well as the effect of coated particles. I am also coauthor on two manuscripts
in process involving experimental sensitivity for one and experimentally changing the angle of in-
cident light on ordered arrays of gold nanoparticles.
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Maxwell’s Equations, 5
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Magnetic Potential, 5
Ohm’s Law, 5
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Optical Theorem, 29
Plasmon, 9
Bulk, 4, 8
Coupling, 46
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Surface, 15
Polarizability, 38, 46, 58
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